The results of the computer investigation of the sign changes of the difference between the number of twin primes π 2 (x) and the Hardy-
Let π(x) be the number of primes smaller than x and let Li(x) denote the logarithmic integral:
Li(x) = x 2 du log(u)
.
The Prime Number Theorem tells us that Li(x)/π(x) tends to 1 for x → ∞ and the available data (see [24, Table 5 and 6]) show that always Li(x) > π(x). This last experimental observation was the reason for the common belief in the past, that the inequality Li(x) > π(x) is generally valid. However, in 1914 J.E. Littlewood has
shown [20] (see also [7] ) that the difference between the number of primes smaller than x and the logarithmic integral up to x changes the sign infinitely many times. The smallest value x S such that for the first time π(x S ) ≥ Li(x S ) holds is called Skewes number. We have used "≥" to avoid the case of integer value of Li(x S ), although we believe that for n ∈ N there will be Li(n) / ∈ N, like we know log(n) is for ∀n irrational. In 1933 S.
Skewes [29] assuming the truth of the Riemann hypothesis argued that it is certain that d(x) := π(x) − Li(x) changes sign for some x S < 10 10 10 34
. In 1955 Skewes [30] has found, without assuming the Riemann hypotheses, that d(x) changes sign at some x S < exp exp exp exp(7.705) < 10 without using the Riemann hypothesis. In 1966 Lehman [19] has shown that between 1.53 × 10 1165 and 1.65 × 10 1165 there are more than 10 500 successive integers x for which π(x) > Li(x). Following the method of Lehman in 1987 H.J.J. te Riele [31] has shown that between 6.62 × 10 370 and 6.69 × 10 370 there are more than 10 180 successive integers x for which d(x) > 0. The lowest present day known estimation of the Skewes number is around 10 316 , see [2] and [27] .
The number of sign changes of the difference d(x) for x in a given interval (1, T ), which is commonly denoted by ν(T ), see [7] , was discussed for the first time by A.E. Ingham in 1935 [12] chapter V, [11] and next by S. Knapowski [16] . Regarding the number of sign changes of d(x) in the interval (1, T ), Knapowski [16] proved that ν(T ) ≥ e −35 log log log log T
provided T ≥ exp exp exp exp(35). Further results about ν(T ) were obtained by J. Pintz [21] , [22] and J. Kaczorowski [13] , [14] . In particular, in [14] Kaczorowski proved that there exists such a positive constant c 3 that for sufficiently large T the inequality
holds. In [28] J.-C. Schlage-Puchta proved, assuming the Riemann Hypothesis, that
More general results on the sign changes can be found in the recent paper [15] .
In this paper we will look for the analog of the Skewes number for the twin primes,
i.e. pairs of primes separated by 2: {(3,5), (5,7), (11, 13) , . . . , (59, 61), . . . }.
Let us denote the number of twin primes pairs (p, p + 2) with p + 2 < x by π 2 (x).
Then the unproved (see however [25] ) conjecture B of Hardy and Littlewood [9] on the number of prime pairs p, p + d applied to the case d = 2 gives, that
where C 2 is called "twin constant" and is defined by the following infinite product:
For the first time the conjecture (5) was checked computationally up to 8 × 10 10 by R. P. Brent [4] who noticed the sign changes of the difference π 2 (x) − C 2 Li 2 (x), but he did not mention neither the analogy with Skewes number nor did not count these sign changes. We analyzed the difference 
hence we have Li(x) = li(x) − li(2). Integration by parts gives the asymptotic expansion:
which should be cut at n 0 = log(x) -beginning with this index the following terms are increasing. There is a series giving li(x) for all x > 1 and quickly convergent which has n! in denominator and log n (x) in nominator instead of opposite order in (8) (see [3, p.126, Entry 14])
where γ = 0.5772156649... is the Euler-Mascheroni constant and µ = 1.451369234883381 . . . Even faster converging series was discovered by Ramanujan [3, p.130, Entry 16]:
Because we have
it is possible to calculate values of Li 2 (x) using the above series. Disadvantage of these series is that the number of operations (including time consuming calculation of log(x)) increases with x and is larger than number of operations needed in the numerical integration.
As for the set of all primes initially the inequality C 2 Li 2 (x) > π 2 (x) holds, but it turns out that there are surprisingly many sign changes of We have checked the numbers ν 2 (T ) up to T = 2 34 = 1.718 × 10 10 independently calculating the integral Li 2 (x) from the series (10) and these results are presented in Table I in the third column and are marked with asterisk. The first 1274 positions of sign The values of T searched by the direct checking are of small magnitude from the point of view of mathematics, but large for modern computers.
The observed numbers ν 2 (T ) behave somewhat erratically, see 
We have picked out function √ T / log(T ) after a few trials and we are not able to give even heuristic arguments in favour of it. The conjecture (11) is supported by the fact that there are 10 crossings of the curve √ T / log(T ) with the staircase-like plot of ν 2 (T ) obtained directly from the computer data. The last column in the Table 1 contains the values of the function √ T / log(T ). If the conjecture (11) is true, then there is infinity of twins.
It seems to be very difficult to gain some analytical insight to why there are so many sign changes of π 2 (x) − C 2 Li 2 (x). As (5) is not proved, hence error term for it is also not known (for heuristic approximate formula for averages of the remainders in the HardyLittlewood conjecture B see [18] ). The best error term for Prime Number Theorem under the Riemann Hypothesis is |π(x) − Li(x)| = O( √ x log(x)). In the Fig.2 we present the computer data for two functions: the running difference d(x) = Li(x) − π(x) and the error term:
Characteristic oscillations of d(x) are fully described by the explicit formula for π(x), see e.g. [8, formula (3) and Figure 4 ]. In the Fig. 3 |d 2 (x)| and the error term
is plotted for x < 2 48 . As it is seen from these figures the behavior of d(x) and d 2 (x) is completely different with rapid oscillations of d 2 (x) of many orders. However the functions ∆(x) and ∆ 2 (x) are quite similar: the error term for twins ∆ 2 (x) is smaller than ∆(x) but the difference is not significant: the power-like fits to ∆(x) and ∆ 2 (x) give:
Here the slopes β ≈ β 2 and prefactors α and α 2 are very close. Thus it seems that the sizes of the error terms do not account for enormous difference in the value of Skewes number. In fact all considerations of Skewes, Kaczorowski and others were based on existence of explicit formulas and there are no analogs of explicit formulas for twins.
However Turan [33] introduced the following Dirichlet series with the aim to study twins:
where Λ(n) is the von Mangoldt function:
log p if n = p k for some prime p and integer k ≥ 1, 0 if n has at least two different prime factors.
In 2004, in a preprint publication [1] Arenstorf attempted to prove that there are infinitely many twins. Arenstorf tried to continue analytically T (s) − C 2 /(s − 1) to e s = 1, but shortly after an error in the proof was pointed out by Tenenbaum [32] . For recent progress in the direction of the proof of the infinite number of twins see [17] .
The comparison of Figures 2 and 3 shows, that π 2 (x) ∼ C 2 Li 2 (x) is better than π(x) ∼ Li(x) in the sense that there are almost half a million points where d 2 (x) is zero in the Fig.3 while in the Fig. 2 there are no crossings of x axis at all. This observation can be quantifying with the notion of the logarithmic density. In [26] it was proposed to use the logarithmic density to measure the different biases in the distribution of prime numbers. In particular, for the case of the sign changes of d(x) it was shown that the logarithmic density of the set {x : Li(x) < π(x)} defined by
is equal to δ {x:Li(x)<π(x)} = 2.7 . . . × 10 −7 . Hence in some precisely defined sense the inequality Li(x) > π(x) holds almost everywhere. Here we will define two logarithmic densities for twin primes as follows:
We do not have at our disposal any formulas like those in [26] and we have to turn to the brute force numerical calculation of finite size approximations δ + (x) and δ − (x) given by expressions (19) and ( 
was used (the implied in O constant is much smaller than 1). For n ≈ 10 9 the error made by using the above formula is of the order 10 −18 . To calculate the harmonic series up to x = 2.8 × 10 14 directly by adding all numbers 1/n would take from one to a few months of CPU time, depending on the processor. The plots presented in Fig.4 suggest following the conjecture
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The difference of many hundreds of orders between values of x such that π(x) − Li(x) and π 2 (x) − C 2 Li 2 (x) changes the sign for the first time is astonishing. We can give an example from physics. Let us make the mapping: sign changes of d(x) correspond to energy levels of hydrogen and sign changes of d 2 (x) correspond to the spectrum of helium.
Then ground states of hydrogen and of helium will correspond to x S and first sign change of d 2 (x) accordingly. The experiments show that the energies of the ground states of the hydrogen and helium are -13.6 eV and -79 eV respectively and do not differ by hundreds of orders! Fig.2 The plot of d(x) and error term ∆(x). The power fit was made for 10 6 < x < 2 48 .
The first crossing of the axis x will appear around 10 316 . Fig.3 The plot of |d 2 (x)| and error term ∆ 2 (x). Sign changes of the d 2 (x) and values smaller than 10 −2 were artificially set to 10 −2 . In blue the power-like fit 0.337 × x 0.418 to ∆ 2 (x) obtained by the least-square method is plotted. Fig.4 The plots of the running logarithmic densities δ + (x), δ − (x) defined in the text.
Each plot consists of 28025 points: the values of δ(x)'s were recorded at the progression x = 100 × (1.001) n .
